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Rossmann  & Blow (1962) proposed the  rota t ion funct ion where 
in order to find the  relative orientat ion between sub-units 
in one crystal or be tween molecules in different crystal and 
forms. They applied this m e t h o d  to haemoglobin (Ross- 
m a n n  & Blow, 1962), insulin (Hodgkin, Harding,  Ross- 
m a n n  & Blow, 1962) and  a-chymotryps in  (Blow, l~oss- 
m a n n  & Jeffrey, 1963) wi th  successful results. I-Iowever, 
this  m e t h o d  takes a considerable length of t ime for 
computat ion.  Rossmarm & Blow es t imated  the  computa-  
t ion t ime to be about  50 hours on EDSAC I I  for a crystal 
of horse haemoglobin if they  explored the  whole range 
of Euler ian angles wi th  20 ° intervals using 1000 reflexions. 
They  cut down their  comput ing t ime by  using larger 
intervals wi th  a l imited number  of reflexions to find the  
approximate  peak  positions, and  then  refined these wi th  
closer angular intervals and  more reflexions. 

In  general, the  background region of the  rota t ion 
funct ion has little physical significance. Hence,  once the  
rough peak position has been determined,  the  major  
interest  is to determine the  accurate angular  coordinates 
for which the  rota t ion funct ion has the  m a x i m u m  values. 
This si tuation suggests tha t  a technique similar to the  
differential synthesis for the  usual electron densi ty  dis- 
t r ibut ion (Booth, 1946) can be applied to the  present  
problem. 

Let  us assume tha t  an approximate  rota t ion between 
two identical uni ts  is known and is represented by angular 
coordinates 01, 02 and  08. Let  ~01, AO~ and  AO a be the  
small angular  displacements of this point  from the  true 
m a x i m u m  of the  rota t ion function. If  they  are small, 
t hen  

+ + + = 0 e t c ,  

where (~R/80~) and  (82R/80~) etc. are the  first and  second 
derivatives of the  rota t ion funct ion at  (0~, 02, 03). 

The rota t ion funct ion is defined as 
u @ 

R = ~ e(x)q(x ')dx (1) 

u (a 

or R I q(x)q(x') exp [ - a x 2 ] d x  (2) 

where x '  and  x are re la ted by the  rota t ion [C] according 
to the  relationship 

x' = [C]x. 

The funct ion (2) has been called the  ' shaded rota t ion 
function '  (Rossmaun, 1962). I t  was designed to increase 
the  peak to background ratio. If  U is t aken  as a sphere 
centred on the  origin, then  the  rota t ion funct ion can be 
wr i t ten :  

R = ~ , ~ ,  [ F h ] 2 l F p ] 2 G h p .  
h p 

Now G is the  function of the  distance, H,  between the  
origin and  the  point  (h +h ' ) ,  

ahp = 
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h ' = [ C ] p ,  

3 (sin 2 n H r -  2~Hr cos 2nHr) 
(2~Hr) 3 

for the usual rotat ion ftmction or 

'flr Ghp = Hr  exp [ -  ar '2] sin 2.~Hrr'dr' 

for the shaded rotat ion function. The first derivative 
with respect to 0 is then  

(SR) ( r ) ~  3 ( s i n 2 ~ H r _ G ) } ( S H 2  I 

for the usual rotat ion function, or 

= i h, '. p ~ " (Hr) 2 ~ \801 ] h p  

for the shaded rotat ion function, where 

1 

A = f r' exp [ - a r  '2] sin 2:zHrr'dr" , 
* 0 

1 

B = I r'2 exp [ - a r  '2] cos 2~Hrr'dr" , 
* 0  

8o,] 2~ a.*2(h~+a~) 

i~]~kai a] cos 

8o,/ \~ /ps  j=l 

and a-* --~ , a~' (i -- 1 3) are the  dimensions of the  reciprocal 
uni t  cell. Similar expressions can be wri t ten  for (8R/802) 
and (8R/803). 

The second derivat ive is given by 

02R ~ [( r . ) ~ 3 3 ( s i n 2 : z H r _ G ) }  
a01802] = ' ~ '  IFhl2]Fp[2 ~ | H r \  2zeHr 

h p 

82H ~ r 2 3 

x \80,/\8o2/J 

for the usual rotat ion function, or 

sin2z~Hr )1 
2zHr + cos 2uHr 

h p 

(Hr)3 ! \ a 0 , / \  802]J 

for the shaded rotat ion function, where 
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1 
C = I r'a exp [ -  ar "2] sin 2~zHrr'dr", 

} 2  2:ata 7 cos Z(h,+h ) 
i ~ ] ¢ k  

x \a01a0~ / +a*~ \o0d \a0g 

cos t \ O O J  \00 /\002/ 
a n d  

aolao2]  ~=:. \ao:ao~] pj  " 

I t  is necessa ry  to  e x a m i n e  t h e  n a t u r e  of t h e  first  a n d  
second  de r iva t ives  of t h e  r o t a t i o n  func t ion .  As (OH~/80) 
is a func t ion  of ( h + h ' )  a n d  p ,  1Fpl2(r/H)(~H2/aO) as a 
whole  does n o t  change  so d ras t i ca l ly  w i t h  H a n d  p.  
Therefore ,  it  is conc luded  t h a t  t he  change  of (~R/~O) wi th  
Hr is con t ro l led  m a i n l y  b y  the  fac to r  

3 (sin_ 2~Hr - G )  
Hr  \ 2 zHr  

for  t h e  u sua l  r o t a t i o n  func t i on  or 

--.4 + 2~HrB 
(Hr) ~" 

for t h e  s h a d e d  r o t a t i o n  func t ion .  These  two  fac tors  are  
p l o t t e d  aga ins t  Hr in Fig.  1 b y  full  a n d  d o t t e d  lines, 
r espec t ive ly .  W e  n o w  see t h a t  t h e  va lues  of t he  first  
de r iva t ives  do n o t  exceed  a b o u t  5 % of the i r  m a x i m u m  
va lue  if Hr is l a rger  t h a n  1.8. Simi lar  cons ide ra t ion  for  
t h e  second  de r iva t ives  showed  t h a t  t h e y  are  con t ro l l ed  
b y  t h e  f ac to r  

id derivatives 

\ 

H r  

Fig. 1. Variation of the first and second derivatives of the 
rotat ion function with Hr. Full lines for the usual and dotted 
for the shaded rotation function, on a correctly normalized 
scale. 

3 (  sin 2~zHr ) 
(Hr)~ 4G - 5 2zH-----~- + cos 2~Hr 

for  t he  usua l  r o t a t i o n  func t i on  or  

2A - 4~zHrB - 4~z2( Hr)~C 
(Hr)  a 

for  t h e  s h a d e d  r o t a t i o n  func t ion .  These  a re  also s h o w n  
in Fig.  1. The  va lues  for  t h e  second  de r iva t i ve s  do n o t  
exceed  5 % of the i r  m a x i m u m  va lues  w h e n  Hr  is g r e a t e r  
t h a n  2.0. These  p roper t i e s  of t h e  de r iva t ives  sugges t  t h a t  
t h e y  m a y  be e v a l u a t e d  b y  cons ide r ing  on ly  a few of t h e  
t e r m s  in t h e  s u m m a t i o n  over  p ,  as is also t r u e  for  t h e  
ca lcu la t ion  of t he  r o t a t i o n  f u n c t i o n  itself. I t  is obv ious  
f rom Fig.  1 t h a t  t h e  s h a d e d  r o t a t i o n  f u n c t i o n  is m o r e  
f avourab le  t h a n  t h e  usua l  one  w i t h  respec t  to  th is  po in t .  

A p r o g r a m  for t h e  d i f ferent ia l  r o t a t i o n  func t i on  was  
w r i t t e n  for  t h e  I B M  7090 c o m p u t e r .  I t  was  t e s t e d  on t h e  
10/~ c h y m o s t r y p i n  d a t a ,  in  o rder  to  d e t e r m i n e  t h e  accu-  
r a t e  angu l a r  re la t ionsh ip  b e t w e e n  t h e  two  i n d e p e n d e n t  
c rys ta l lograph ic  molecu les  in t h e  a s y m m e t r i c  u n i t  of t h e  
P 2  z la t t ice .  T h e  progress  of a t yp i ca l  r e f i n e m e n t  is g iven  
in Tab le  1. The  t ime  for one cycle  us ing  a b o u t  280 

Tab le  1. A n  example of progress of a refinement by the 
differential rotation function, using 101~ a-chymotrypsin 

data 

The shaded rotation function was used with a radius of 30 /~ 
and a----2.0. The total refinement required 7-76 minutes 

Cycle 
number  

0 
1 
2 
3 
4 

V' 9 R 

175.0 85.0 85.0 - -  
179.4 86.5 88.2 0-5478 x 109 
179.7 88.0 88-7 0.5709 x 109 
180.1 89.9 89-4 0.5856 x 109 
180.0 90.0 89-3 0-5984 x 109 

(The exploration suggests the maximum at 
~=180.0,  y~=90-0, 9=89-0).  

i n d e p e n d e n t  ref lexions  a n d  27 t e r m s  in t h e  s u m m a t i o n  
over  p was  a b o u t  1.75 m i n u t e s .  A n  exp lo ra t i on  of t h e  
p e a k  a rea  b y  t h e  e v a l u a t i n g  t h e  r o t a t i o n  func t i on  a t  say  
30 poin ts  m i g h t  have  t a k e n  hal f  a n  hour .  

I wish  to  express  m y  s incere  t h a n k s  to  D r  M. F .  
P e r u t z  for his e n c o u r a g e m e n t ,  to  D r  M. G. R o s s m a r m  
for sugges t ion  of th is  p rob l em a n d  for  h i s  he lp  a n d  
discussions t h r o u g h o u t  th is  inves t iga t ion ,  a n d  to  Drs  D.  M. 
Blow & M. G. R o s s m a n n  for  pe rmiss ion  to  use  t h e  a-  
c h y m o t r y p s i n  d a t a .  This  s t udy ,  m a d e  in Cambr idge ,  w a s  
m a d e  possible b y  a g r a n t  f rom t h e  Rocke fe l l e r  F o u n d -  
a t ion ,  
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